ON THE POINT SPECTRUM OF A TOEPLITZ OPERATOR

BY
DOUGLAS N. CLARK(*)

0. Introduction. Let 1 <p=<oo, L?=L"(0, 27) and H? the set of periodic func-
tions x*(¢) € L? with Fourier coefficients vanishing on the negative integers:
x*($)~ 2n=o Xqe™.

Let f(¢) € L%, 1/p+1/g=1. Then, for any x*(¢) € H?, f(¢)x*($) € L and there-
fore formally f(¢)x*($)~y*($)+0*(¢)e **. We define the Toeplitz operator
T=T(f) : H? — H? associated with f, by

DT(f)) = {x*($) e H” : f($)x*($) = y*($)+5*($)e* and y* € H"}
y* @) = T(f)x*($).

Below, we assume that ¢ =2 (so that 1 <p <2 and H? > H9) to assure that D(7T(f))
contains all polynomials in ' and is dense in H?. (We insist that fe L, 1/p+1/g=1,
so that fx € L, for x € D(T(f)).) It should be noted that the results below remain
valid if p is replaced by any index p’, p<p’' <2, since f(¢) € L for 2<q’' <q.

In [4], for p=2, Hartman and Wintner posed the problem of the determination
of the location of the spectrum and point spectrum of T(f). A number of steps
([6], 91, [1], [12], [2], [3], [8]) toward solving this problem have been taken. In
some investigations of the point spectrum, additional assumptions have been made,
such as, for example, that T(f) is selfadjoint [6], that 3 |f,| <oo ([9], [3]), or that
f(¢) is bounded and satisfies

©.n arg f(¢) = g(4)+h(4)

where g(¢)=2>7-1 o J(¢—0)), J($) =¢ —2n[$/27], [x] the integral part of x, and the
conjugate of h(¢)=conj h(¢) € L* [12]. In [7], Hartman found necessary and suffi-
cient conditions that 0 (and hence any complex X) belong to the point spectrum of
T(f), p=2. Hartman’s general conditions are in terms of the conj arg f(#).

If N(T(f)) is the null space of T(f), we find necessary and sufficient conditions on
f(¢) that dim N(T(f))=m (Theorem 1.1) under the assumption that (0.1) holds with
h(¢) continuous. This result is in terms of conj h(¢). When it is assumed, for
example, that conj A($) is bounded (Corollary 1.2), our results generalize those of
[12]. We make no use of the hypothesis || f|| ., <o and, even in case f(¢) is bounded,
our results are more general than those of [12].
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Our methods are based on those developed in connection with the counter-
example presented in [6]. Namely, for f real valued, for example, we first build
solutions x*(¢), y*(¢) € H? of

(sgnf($Nx*(de~** € HY,
|/@DI7*($) e H

and then decide when x*y* € HZ2. Actually, the existence part of our Theorem 1.1
follows directly from Hartman’s theorem [7]. In order to prove that we have found
all eigenvectors, however, we use the equations (0.2). Having found conditions for
dim N(T(f))=m in terms of conj A(¢) (Theorem 1.1), we proceed along the lines
of [12] and [7] to remove the term conj A($) from our conditions in some cases.

The novel ideas introduced in this paper, which permit us to obtain some generali-
zations of results of [7], [12], are the notion of the multiplicity MZ(f, 6, H)
introduced in §1 and the operator T9(f) in Lemma 1.2.

When applied to real-valued f(¢) (Corollary 1.1), our theorems locate the real
part of the point spectrum of T(f) (assuming sgn (f(¢)—A) has a finite number of
discontinuities for all real ). When applied to the question of selfadjointness of
T(f) for real-valued f (Theorem 2.1), our results generalize those of [7] and answer
a question raised there.

Of the papers mentioned above which deal with the point spectrum of T'=T(f),
[9] and [3] deal with T as a ““matrix” acting on the /” sequence spaces 1 Sp< oo
(rather than on the HP-spaces). Under the conditions imposed upon f(¢) there,
the null-space of T(f) was found to be independent of p. Our results show that if
T(f) is considered as an operator on H?', where p <p’<2, then the dimension of
the null-space of T(f) can depend on p’. Actually, if we impose the conditions of
[3] (i.e., e*f(¢) is a polynomial in e'® for some positive integer N) or [9] (i.e.,
0<c=<f($)<C) upon f(¢), in addition to our own, we see that dim N(T), for T
acting on H?'-spaces is the same for p<p'<2.

0.2)

1. Basic theorems. First, we make the following
DEFINITION. Let f(¢) € L%, 0 0=<2w, —1<y=<0, and let H($) be a measurable
periodic function of period 27. We say that

(1.1) e @|$— 07 [f(¢) ¢ L'*(U)

holds with multiplicity M=M?(f, 0, H) if M=min{N : N20, an integer,

eH©O) g — )2V +27/f(4) € LP'*(U), for all sufficiently small neighborhoods U of 6},

and with multiplicity M =00 if the above set of integers N is empty. In particular,

if (1.1) does not hold for some neighborhood U of 6, then the multiplicity M =0.
Following Widom [12], we set

J($) = ¢—2ml$[27]

for [x] the integral part of x.
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THEOREM 1.1. Let f(¢) e L%, g~ +p~1=1, c0>q=2, and let there exist constants
o; and 0, with the property that 0 < 0;<2n and for

g$) = - ;Z e J($—0))
there is a function

$(4) = arg f(¢)
defined a.e. such that

h($) = ¥($)—g(4)

can be extended as a continuous, periodic function, of period 2m. Let o, have the
decomposition

o = Bf+7(01)’ Bj EZ, -1< ‘)'(0;) = 0.
For 02 0< 2w and 0+6,, let y(6)=0. Let

d= > 8 and k= MZe(f, 0, conj h($)) < .
=1 0=6<2n
Then, if log | f(¢)| € L* and k< o,

(i) d—k>0 implies that R(T) is dense in H? and dim N(T(f))=d—k.

(ii) d—k =0 implies that T(f) is one-to-one and R(T) contains a polynomial in
e'® of degree k—d, but none of degree <k—d. If k=00, then T(f) is one-to-one and
R(T) contains no trigonometric polynomials. Furthermore, log |f(¢)| ¢ L* and
f#0 imply that R(T(f))# R(T(f))= H".

It is understood that the assumption k=c0 includes, in particular, the case in
which there are an infinite number of 6 in 0= 6 < 27 which satisfy (1.1).

Corresponding questions concerning the codim R(T) will be discussed below.

Proof. Suppose, first, that log | f(¢)| ¢ L*. Now, if f#£0 and T(f) has a null-
space, an equation of the form f(#)x*(d)=e~"(1+7*()e~**) with x* € H?,
y* € H*, n>0, must hold. But then

log |f($)| = log |(1+7*($)e*)| —log |x*($)| e L.

Thus 7(f) has no null-space. Applying the same argument with n=0, shows that
1 ¢ R(T(f)) and hence R(T(f))# H?.

If R(T(f))# H?, there is a y* € H? satisfying (y*, T(f)p*)=0 for all poly-
nomials p*(4) in €'¢. Now f(#)p*()=T(f)p* +x*e ' € L?, so that p>1 implies
that x*(¢)e ¢ e L*. Since (y*,x*e~'?)=0, we have (y*,fp*)=0. This means
that the Fourier coefficients of the function z(¢)=y*($)f(¢) € L! vanish on the
nonnegative integers and z(¢)#0 since f($)#0 and y*(4)#0 almost everywhere.

Thus log | f(¢)| =log |2(¢)| —log | y*(¢)| € L*.
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Hence we have to consider only the case that log | f(¢)| € L*. Assume that k < co.
Observe, now, that for J(¢), we have

conj aJ(¢—0) = —alog |l —e'@-9|2,

Thus, for g(¢), we have
n
conj g(4) = log [ | |1 —e€"@-89|24,
j=1
Notice that, since o, — 8;,=v(0,), and since, for a suitable definition of arg (mod 2=),
n n

conj arg exp [i Z Bié— 0,)] = conj arg Ce'®® = —21log [ [ |1 —exp (i(¢—8))|*,

j=1 i=1
where the first equality serves to define C,

1 conj [g(¢)+arg Ce'?®] = log [ | [1—e"@ 9|7,

3=1 :

Thus, for any constant «,

G(@) = log ;‘[ |1—exp ({6~ P[P~ 3i[e(@) +dh] +e € H*;

hence,

F($) = e°® = f{l [1—exp (i(6,— $))|"” exp [—3i(g($) + d4)]
is an outer function in the sense of Beurling and
F(¢) / F(¢) _ eia(db)eido),
(1.2)
F(¢) e HY, 1/F(¢) e H>.

Suppose that 6, ..., 8, are the points such that (1.1) holds with 6=#6;, each
included as many times as its multiplicity MZ,(f, 0, conj ). We have

k k
conj arg exp [i Z (¢—0})] = conj arg Ce'*® = —2log[ ] |1 —e'®~%|;
i=1 i=1

so that

k
Fy(#) = [ T [1—exp (i($— 6)))] e
j=1
is an outer function in H® and

(1.3) Fi($)|Fy($) = e™*.



1967] POINT SPECTRUM OF A TOEPLITZ OPERATOR 255

Since h(¢)=4y(¢$) —g(4) is a continuous, periodic function,
x{ (¢) = exp (1/2)(conj h(¢)—ih(¢)) e H® for1 < b < oo,
and thus
e"Oxit (¢) = % (9),
xi (), 1/xf(¢)e H® forl = b < co.

Further, we have that log |f(¢)| € L! implies that there is an outer function
1/x*(¢$) € H? such that

(1.5) If@] = A/x*(@)(A/E*(#))

([11, p. 235]; take 1/x* to be the outer factor of |f]|*/2 as in [7]).
Combining (1.2), (1.3), (1.4) and (1.5), we have, from

f@) = |f(@)| exp i(h($)+2($)),

(1.4)

that
(1.6) S~ [F)F($)x*($)xi ($)] = F)F(D)%1 ($)/X*($).

Now suppose that, in the set {6y, ..., 0;}, there are m distinct points, 6y, ..., 0,;
further, if s, 0 <s=<m, of the distinct numbers 6, . .., 8, occur in the set 63, .. ., 6;,
change the enumerations so that 6;=4,,..., 6;=0,. For j=1,..., m, let

M; = M},(f, 6;, conj h).
Then we have

(1/2)con) h(®) IﬂI |1—exp (i($— 0))) |5+ 7
|[F@F(@#)x*($)xi @) = — = :
[T [1—exp (i($—06)| 7| f(6)|*
J=s+1

Thus F($)F,(d)x*($)xi () € H? follows from the fact that, on the one hand,
0541, ..., 0, do not satisfy (1.1), so that, in a sufficiently small neighborhood U
Of 051y ..y On, TT71 |1 —exp (i(— 67))|Ms* 7P € L= implies that FFyx*xi e L°(U);
and that, on the other hand, in a neighborhood U of 6, ..., 6;, the definition of
M;=Mjq,(f, 0;, conj h) implies FF,x*x{ € L’(U). Now FFx*xi € H? since
FFx*x{ is the quotient of the H* function F,F by the H* outer function 1/(x; x*).

Thus (1.6) shows that, if d—k >0, dim N(T)=d—k and if d—k <0, then R(T)
contains a polynomial in €' of degree k—d.

In order to complete the proof of Theorem 1.1, let y*(¢) € H? and y{(¢) € H*
satisfy

1.7 S@y* (@) = e" V51 ()
where N is an integer. From (1.4) and (1.5),
| /()| e~ ™1 xt ($)x* ($)) = X*($)/X1 ($),
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where |1/x*(4)| =|f($)|*'2 € L** and |1/x{ ($)| € L, 1 £b <0, so that, in particular,
1/|x#(4)| € L, and thus

[1/x*($)xi ($)| € L*.
Combining this with (1.7) and f]| f| =e'¥ =¢€'“*P,
Py (B)x1 ()x* ()] = e~ [7I (H)x* (H)/x1 (D).

Thus every solution y*(¢) € H? of (1.7) can be written in the form

(@) = X ($)xi (4)x*(4),
where X *(¢) € H* is a solution of

DX () = e NOT*($),
. (U KOX (@) [($)] 2 € L7,

since |x*|=1/|f]*/? and |x{ | =exp (% conj h).
We will need the following analogue of a theorem of Hartman ([7, Corollary
4.3)):

LEMMA 1.1. Let fo($) be a function with a representation
(1.9 fo(@) = e F*($)[F*(9)

where F*(¢) € H, 1/F*($) € H®, and n is an integer. Then X *(¢), 0 X *(¢) € HY,
satisfies a relation of the form

DX @) = e MoT+@), Y= Ve, Y, £0.
i=0
if and only if N S n; in which case,
X*(¢) = p*(HF*($),

where p* (@) is an arbitrary polynomial in *® of degree exactly n—N.

Assume Lemma 1.1 for the moment. Let y*(¢) = X *(¢)x1 (#)x*(¢4) be a solution
of (1.7), where X *(¢) satisfies (1.8). Let fo_(¢)=e‘”“”’, F*($)=F(¢), n=d in Lemma
1.1; cf. (1.2). Now if d>k, we let N=1, and Lemma 1.1 implies that

X*(¢) = p*(HF*(4)
where p* is a polynomial in e'® of degree at most d—1. But

|ei2on o X + ()| f(B)|H2] = | p*($)etiDeont MOF()| ]| ()12
= |p*(§)| |eV/Peom M| ’Ii [1—exp (i(8;— D" /| f(#)] .
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The condition x;(#)X *(#)/|/#)]2 € L? in (1.8) implies that p*($)=q*(@)p,(#),
where ¢*(¢) is a polynomial in e of degree (at most) d—k—1,

P = ﬂ 1—exp G- B)[*,  degp, = k,

and 61, ..., 6, M, are defined after (1.6).
Thus, every solution y* of (1.7) can be written in the form

¥ (@) = F @®)x* (O (DF)g ™ (9)

where g* is some polynomial in €' of degree d—k— 1. Hence, dim N(T)<d—k.
This proves Theorem 1.1 in case d—k>0.

In case k = d, suppose that R(T) contains a polynomial in e*® of degree less than
k—d. Lemma 1.1, with N<d—k+ 1, implies that

X*($) = p*DF*($)

where the degree of p* is at most k—1. But from the above considerations, it is
clear that the second line of (1.8) cannot hold if p* is of degree less than k.

Consider the case k=o0. Since (1.2), (1.4), and (1.5) did not involve the assump-
tion k < oo, (1.7) still implies (1.8). If (1.7), and hence the first line of (1.8) holds,
then, from Lemma 1.1 with fy(¢) =€"9?, F*(¢)=F(¢) and N< 1, we conclude that
X*(¢)=p*(¢)F($) where p* is a polynomial in €. But, for k=c0, and p* a
polynomial, the second line of (1.8) cannot hold. Thus (1.7) cannot hold. This
completes the proof of Theorem 1.1, assuming Lemma 1.1.

Proof of Lemma 1.1. In case N<n, it is clear that X *(¢)=¢'"~¥¢F *(¢) satisfies
the desired type of relation.

Conversely, if X *(¢$) € H* satisfies

Jo @)X () = e Y ()

for N>n, then (e™fy(¢)X *(8), b*(¢4))=0 for all b*(¢) € H®; in particular, for
b*(¢)=€"*|F*(¢), j=0. Thus

("o B)X *(9), e|F*($)) = (X *(H)F *($)[F*($), e"°[F*($))
= (X*(@)IF*(9), e") = 0.

But this, together with X *(¢)/F *(¢) € H! implies X *(¢)=0. Thus N<n.

In order to complete the proof of the lemma, we assume N=0, n= 0 (by replacing
n by n— N, if necessary) and use induction on n. If n=0, suppose that Z*(¢) € H*
satisfies

Z*@fod) = Y*(@), Yo #0.
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Write F*=37_, p.e™?, so that F* is outer implies that p,#0. Then

Z*($)—- YoF*(4)

satisfies
Sl @) PoZ *($)— YoF *($)) = poY *($)— YoF *($) = e W *(¢).

Thus poZ *(¢)— Yo F *($)=0 by the first part of the lemma. In the case in which
n=ny,>0, notice that

X*($) = F*(#)e™+p*($)

is a solution where p*(¢) is any polynomial in ¢ of degree less than n,. Thus the
statement that there is a solution Z *(¢) which cannot be written in the desired
form is equivalent to the statement that there are n,+2 linearly independent
solutions. This case is easily reduced to the case in which n<n,—1 and there are
no+ 1 solutions. This proves Lemma 1.1.

DErINITION. For 2<g<0, and f(¢) € L9, the operator T°(f) : H?*— H? will
mean the operator with domain D°={x*(¢) e H?: x*($)f(¢) € H* satisfies
x* (@ @)=y (P +e 51 ($), y*($) e HY} defined by TO(f)x*=y*. Let T(f)
denote the restriction of T°(f) to D3={x*(¢) € H? : x*($)f(¢) € L%}, and Ty(f), the
restriction of T°(f) to D,, the linear manifold of polynomials in e'*. Note that
T?Q is well defined, since, for 1 <g <o, the conjugate of an L? function also belongs
to L2

Thus, for f(¢)e H 2=<g<co, we have associated the five operators: the
Toeplitz operator T(f) : H? — H?, 1/p+1/g=1, its adjoint T(f)* : H*— H? and
the operators T°(f) : H*— H% T§(f) : H*— H%and Ty(f) : H*— H%

In case p=¢=2, T(f)=T(f) and the operator T(f)* is the closure of To(f)
[6, p. 878]. One sees precisely in the same manner that, in the case of

T(f) : H® — H", l1<pg2
the adjoint operator T(f)* : H*— HY, 1/p+1/g=1, is the closure of
To(f) : H*— H".
LEMMA 1.2. Let f(¢) e L%, 2<g <0, then
To(f) = T8() = T()* = T°().

In particular, D°> D(T(f)*)> D§.

Note, since T(f)* is the closure of T§(f), that, whenever T§(f) is a closed operator
(e.g., fe L®), TYf)=T(f)*. After developing the theory in §2, we will be able to
show by example that this equality does not always hold.
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Proof of Lemma 1.2. D$> D, is clear, and D°> D(T(f)*) follows from the fact
that 7°(f) is a closed operator and contains T,(f). It remains to show D$ < D(T(f)*).
This follows from D(T(f)*)={y* € H? : there exists a z*(¢) € H?:

T(H)x*, p*) = (x*,2%)
for all x* € D(T(f))} and from (T(f)x*, y*)=(x*, T f)y*) for all x* € D(T(f)),
y* € D° In order to verify this last equality, note that for y* € Dj,
l 2%
@ T = (0 fy*) = 5 [ x5
Let x* f($)=T(f)x* +xi($)e~**, so that
Fe 9yt (@) = x*(5*)-T(Fx*)y* e L~
Now if the product of two H'-functions belongs to L*, then the product also
belongs to H*, so that x;y* € H* and
2n
[Tsteerrap =0, ie, @t = @Dy
0

for all x* € D(T(f)), y* € D.

THEOREM 1.2. Let 2=q<o0 and let f(¢) be as in Theorem 1.1. Let o, have the
additional decomposition

o; = g,+8(0;), &€eZ -1=8366) <0.
Letd’'=3}_, ¢, and for 0 0<2m, 0+£0,, put 8(6)= —1. Let

k'= >  Mig(f, 6, conj h(¢)) < w,

0s6<2n

e= > max[Mse-.(f; 6, —conjh), ML s _1(1[f; 6, —conj k)] < co.

0s6<2n

Then, if log | f(¢)| € L* and k', e< o0.

max (d—k’, 0) = dim N(T°(f)) 2 dim N(T(f)*) = dim N(T(f))
= max (0, n—e—d").

Furthermore, log | f(¢)| ¢ L' and f#0 imply that R(T(f)*)# R(T(f)*)=H".

Proof. The proof of Theorem 1.1 may be applied without change to the case of
2<q, 25p=q. This proves the statement involving T°(f). The conclusion for
T3(f), in case log | f(¢)| ¢ L! is proved precisely the same way as that for T(f); cf.
the first part of the proof of Theorem 1.1. We may, therefore, assume log | f(¢)| € L.
By Lemma 1.2, it suffices to prove dim N(T$(f))=max (0, n—e—d’).
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Consider, therefore, f(¢)=|f(¢)|e *‘@+"*¥» From the proof of Theorem 1.1,

conj [~ g(#)] = log }‘[ |1—exp ((6,— )| -2,

n

conj arg exp [—i Z (g,—1)(¢— 0,)] = conj arg Ce ™! -m¢
=1

= 2log[ T |1-exp G$~ NI,
4 conj [—g(¢)+arg Ce @ ~-™9] = log [ | |1 —exp (i(¢—0,)|% %1
=1
= log [ T [1—exp (i($— )| ~**~7,
i=1

so that, if

Fg) = € = € [ [1—exp (i )]+ exp H(s(h)+ (&'~

then
F(¢)e H', 1/F($)eH",

(1.10) -
F(¢)/F(¢) = Cge —-i(d’ - n)@e - lﬂ(O).

Following the procedure used in the proof of Theorem 1.1, we have

e
conj arg exp [i Z (45—0;)] = conj arg Ce'¢?
i=1

= -2 logII |1—exp (i(¢—6))|;
i=

F(¢$) = }i |1 —exp (i(¢— 67))|ete*’2

satisfies Fy(¢) € H*® and

(1.11) F\($)[Fy($) = e™*°.
From (1.4), it follows that
(1.12) e " Oxt(4) = %3 ($)

where x3(#)=1/x{(#), 1/x3(¢)e H® for 1sb<oo. Combining (1.10), (1.11),
(1.12), and (1.5), we obtain

|f($)|e~ @@ HOE(G)F,($)x3 ($)x* ($)Cae'™ =4 =9 = F()Fy($)%2 ($)/%*($)-
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It follows, by the same argument as that in the proof of Theorem 1.1, that
Fy($) = F(@Fu($)x5 ($)x*(4) € HY,

Fy(#)f(4) € L.

Hence F;3(¢) € D3. This implies dim N(T(f))=n—e—d'.
If x3(¢) € D§ satisfies

(1.14) f@)x3($) = e~ *(1+7*($)),
then, combining with (1.12) and (1.5),

O Rt
FDle ™ G@n@ ¢ w@) © P

The function X *($)=x3 ()/x5 ($)x* () is of class H* since x5 € L?,
x*@)| = |f($)|"? e L
for g=2 and 1/x5(¢) € L® for 1 Sb< 0. Also
| X+ @) [xd @I/SBI? = |x3 ()| e L*
and fx3 € LY so that we get the following analogue of (1.8),
eIOX($) = e NV,
e~ iBRon KO X +(4)| ()] £112 € L2,

(1.13)

This together with the analogue (1.10) of (1.2) can be used to complete the proof
of Theorem 1.2 by the arguments employed at the end of the proof of Theorem 1.1.
By noting R(T)*=N(T*), we see that Theorem 1.2 gives a partial answer to the
question: when is T(f) one-to-one with a range of deficiency n?
Theorems 1.1 and 1.2 have the following corollary, which carries on the work of
Hartman and Wintner [6] on Hermitian Toeplitz operators.

CoroLLARY 1.1. Let f(¢)eL? oc0>q=2, be real-valued. If log|f(¢)| € L',
assume that f(¢) is defined for all ¢ so that sgn f(¢) (= + 1) is continuous except for
a finite number of discontinuities, 0,, . . ., 05, mod 2x. Let

k= > M2u(f,4,0).
0s¢<2n
Then (i) dim N(T(f))=max (0, n—k),
(ii) R(T(Y)) is dense in H?,
(iii) R(T(f))# H? if n—k<O0.
In case log | f(¢)| ¢ L* and f#£0, then
(iv) T(f) is one-to-one and R(T(f))# R(T(f))= H?.

Actually the proof of (ii) uses only Lemma 1.2, so that it holds for any real-
valued f(¢) € L2
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Proof of Corollary 1.1. Since argf(¢)= —(7/2)(sgn f($)—1) it is clear that
Theorem 1.1 applies with h(¢) =0 and each y(8,)= —1/2, so that n of the 8,=1 and
n of them are 0. Thus d=n and dim N(T)=max (0, n—k) in (i). (iii) and (iv) also
follow from Theorem 1.1.

(i) follows from T(f)*<T°(f) in Lemma 1.2, since, if R(T)#H?", then
NT(f)*)#{0}, so N(T°(f))#{0} and there is a x*(¢) € H? satisfying

S@)x*($) = 7*(de.

But this means that x*(¢) € D(T) < H?. Hence, by applying T to e'V¢x*, for suitable
values of N, we see that 1, e/, ... e R(T), i.e., R(T)= H?, a contradiction.

REMARK. Duren [3] has conjectured that for T#0 a Toeplitz operator on the /?
sequence spaces, the sets of A such that dim N(T—AI)>0 and R(T— AI) is not dense
are disjoint. Actually, the proof of Duren’s conjecture for H? spaces is quite simple
and follows the lines of the proof [6] that a selfadjoint T(f) has no point spectrum.
In fact if T(f)x*(¢)=0, then applying T to ¢'*®x* for N sufficiently large, we see
that R(T) contains 1, e*®, e2, ... and hence is dense in H?.

Let

- P
k= 2 Mis(f,6,0).

In the next corollary, we follow the lines of [7], p. 74, (c), and show that, in certain
cases, considerations of dim N(T) can be reduced to considerations of d—kj,
i.e., of (1.1) with H(¢)=0.

COROLLARY 1.2. Let f($) € L? satisfy the hypotheses of Theorem 1.1, log | f(¢)| € L*
and k, k" <o0.

(1) If ky=k; for some r>p, then dim N(T(f))=d—k,.

(2) If k,=k; for some r<p, then dim N(T(f)) < max (0, d—k}).

(3) If there exists a y(¢) such that h($) has a bounded conjugate function, then
dim N(T(f))=max (0, d—k3).

Proof. For p<r, we have
M ;(O)Cf; 0’ 0) g M 7",(0)(]; 0’ 0),
so that k, =k, implies that each
Mie(f, 6,0) = MJe(f, 6,0) = M[6].
Hence
(¢— 0>+ 2 /f($) € L"3(U),

for all sufficiently small neighborhoods U of 6. Now, since e®™*®¢e[? for
1=b<o0, we have

econj h(¢)(¢ — 0)2M(9] + 27U‘(¢) € LPI2(U).

Hence MZq(f, 0, conj h($)) < M%\(f; 6, 0), k<kj, i.e., d—k,<d—k. This proves
.
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For (2), we have, from the proof of (1), that
M;e(f, 6,0) = Mje(f, 6,0).

Thus,
(1.15) |$— 6]>ME1=1=V/f(¢) ¢ L"3(V),
for all neighborhoods U of 6. But now, if

t((ﬁ) = eoonl h(¢)|¢_ 0'2(M[9]-1-7)/f(¢) eLP/2(U),
for a (sufficiently small) neighborhood U of 6, then

e~ ORI HOY(f) = |b— B|2MI1-1-9/£(§) € LT(U),
for all r < p, contradicting (1.15). This proves k = kj, hence (2).
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For (3), |conj h(¢)| = C implies that 0< C; S e®¥MD < C, so that (1.1) holds
with H(¢)=conj h(¢) if and only if (1.1) holds with H(¢)=0. Thus k=kj, proving

3.

Corresponding estimates may be obtained from the conclusion of Theorem 1.2.

2. Nonselfadjoint T(f). Applying Theorem 1.1 to f(¢)=G($)+i, we obtain
the following conditions for 7(G) : H2 —~ H? to be selfadjoint, when G(¢) is

real-valued.

THEOREM 2.1. Let G(¢) € L? be real-valued. Suppose that G(¢) is continuous,
except for jump discontinuities. Suppose, also, that (after adding a measurable,

bounded, real-valued function to G, if necessary) the functions

hi$) = ¢(P—g4), Jj=12

can be extended as continuous, periodic functions of period 2w, where

2/#) = Zas,f(qs-qs,), ol S 12, j=1,2,

and

0 < —y(4) = ¢u(¢) = arg (G($)+1) < =

From among the {$;}, let ¢7,..., ¢}, ¢éi,.... 5, 0F,...,0F,01,...,0; beé the

points at which g(¢) has a discontinuity of magnitude . Let
(@ —G(¢f —0) = G(£f +0) = 0 for £ = 0, ¢;
(®) =G4 +0) = G(§7 —0) = o for £ = 0, ¢;

© exp (conj hy($))/[(1+|GANB—¢N e L}(U), j=1,...,n

JSor some neighborhood U of ¢} ;

@ exp (conj hy(#))/[(1+|G@ANS - e LX), j=1,...

JSfor some neighborhood U of ¢; ;

(e) (c) and (d) do not hold with ¢}, ¢; replaced by 6}, 85, respectively.
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Then, the deficiency indices of T(G)* are dim N(T(G)+il)=max (0, v—s);
dim N(T(G)—il)=max (0, p—1).

Proof. By a theorem of Krein (cf. [10, p. 150]), we may add a bounded, self-
adjoint operator to T(G) without changing the deficiency indices of T(G)*. If G,
is a bounded, real-valued function, we may, therefore, replace G by G+ G, and
T(G) by T(G+Gy)=T(G)+T(G,) and assume h;=arg (G+i)—g; is continuous.
Now if oyq, @51, ..., 0y1; @0, Ogg, ..., ayg are the oy which satisfy |eg|<3,
o5, 20, then it is clear that for G+i, we have d=v+t+ N, k=s+t+N, d—k=v—s.
Similarly, for G—i, d=p+s+ M, k=s+t+ M, d—k=p—t.

In [7] it was shown that, under certain conditions, the deficiency indices of
T(G)* depend only upon the number of jumps of G(¢) from —oo to co and from
oo to —oo. The next corollary shows that in our (more general) situation, these
numbers still determine whether 7(G) has selfadjoint extensions.

COROLLARY 2.1. Let G(¢) € L? satisfy the conditions of Theorem 2.1. Let T(G)
be nonselfadjoint and let

n, = number of jumps of G(¢) from —o0 to o,
n_ = number of jumps of G(¢) from oo to —co.
Then T(G)* has selfadjoint extensions if and only if n, =n_.

Proof. In the notation of Theorem 2.1, n, =p+s, n_=v+t,and n,=n_ if and
only if u+s=v+1¢,ie., p—t=v—s.

The next corollary generalizes (i)—(iv) of [7, p. 74, (c)]. In [8], Ismagilov proved
that T(G) is selfadjoint if every point of [0, 2] has a neighborhood in which G is
half-bounded. Actually, Ismagilov’s theorem can be obtained from the results of
[7], by the method of (a), (p. 74 of [7]). We will show below that the converse to
Ismagilov’s theorem is false. At the same time, we answer affirmatively the question
raised by Hartman in [7], whether or not T(G) can be selfadjoint if p+s5>0 or
v+¢>0; one need only take o'=s=v, 7' =t=p in (3) below.

COROLLARY 2.2. Let G(¢) € L? be real-valued and satisfy the conditions of Theorem
2.1. Let £, ..., &F; €7, . .., & be the points such that G(¢) jumps from —oo to ©©
and from oo to —oo respectively.

(1) If 0=0, then dim N(T(G)—il)=0; if =0, then dim N(T(G)+il)=0.

@ If

@n IA+|G@INS—E)] e L?

for some p>1, for £;=¢&;, j=1,...,pu and for £,=¢5,j=1,...,V, then
dim NT(G)+il) 2 v/ —(o—p')

and
dim N(T(G)—il) z p' —(7—V').
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(3) If 2.1) fails to hold, for some p<1, for ¢&;,=¢, j=1,...,d and for {,=¢5,
j=1,..., 7, then

dim N(T(G)+il) £ max ((—7")—d’, 0),
and
dim N(T(G)—il) £ max ((c—o")—1', 0).

(4) If there exist functions ,, j=1, 2, such that the functions h{($), j=1, 2, have
bounded conjugate functions; if (2.1) with p=1 holds for . choices of the £} and v
choices of the &5, and if (2.1) with p=1, fails to hold for the remaining s=o—p
choices of & and t=t—v choices of &;, then dim N(T(G)+il)=max (0, v—s);
dim N(T(G)—il)=max (0, p—1).

Proof. (1) is clear from Theorem 2.1. In order to obtain (2), we note that (c) and
(d) must be satisfied for points satisfying (2.1) with p>1. Thus, p2p’, v=v’' and
hences=o—pSo—p',t=7—v=<7—v,sothatu—t2p' —(7—v"),v—s=v'— (e —p’).
This proves (2).

For (3), we note that if &; fails to satisfy (2.1) for some p<1, then it cannot
satisfy (c) or (d) of Theorem 2.1. Thus s=o’, t= 7", (3) follows. (4) is clear.

Hartman and Wintner proved, in [6], that, if T(G) is selfadjoint, then T(G) has
no point spectrum. Combining this result with our Corollary 1.1, we obtain the
following somewhat different condition for T(G) to be nonselfadjoint :

THEOREM 2.2. Suppose G(¢) € L? is real-valued. Let there exist a finite number of
points 020, <---<0,,<2n such that on (0, 0,.,), j=1,...,n—1 (and on
0, 8,) U (83,, 27) in case 0< 0, or 05, <2m) G($) is either bounded from above or
bounded from below. Let k be the number of points 0, such that

HI(1+|G@)0,— )] ¢ L*.
Let n> k then T(G) is not selfadjoint and
2.2) min [dim N(T(G)+il), dim N(T(G)—il)] = n—k.

Proof. We may assume that either G(¢) =¢>0 or G(¢) < —e <0 on each interval
in question, for otherwise, by the theorem of Krein [10] mentioned above, a bounded
function may be added to f(¢) without changing the deficiency indices of T(G)*
or the conditions of the theorem. Corollary 1.1 then implies that 7(G) has a null-
space of dimension at least n—k, so that T(G) is not selfadjoint.

In order to verify (2.2), we first note that 0 ¢ pt. sp. T*=T(G)* (Corollary 1.1).
Now it is clear that («) of [5] generalizes to the case of unequal deficiency indices.
Thus, if xe N(T) has the decomposition x=x,+0v;+v,, where x,€ D(T*),
v; € N(T—il), vy € N(T+il), then |v, | = |v,]. Now if

dim N(T+il) = m < dim N(T—il)
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and if there are m+ 1 solutions x;=x;o+ v, + v, of Tx;=0, let 572 «0,,=0. Then
x=2>"4 ax; =T ax,0+ D7 v, satisfies Tx=0 and hence

m+1
;s

i=1

m+1
o;Vs2
=1

= 0.

Thus x=>7T* a;x;0 € D(T*). But since dim N(T*)=0, x=0. This proves (2.2)
and hence Theorem 2.2.

REMARK. On the basis of Theorem 2.1, we may conclude that equality does not
always hold in T(f)<T(f)* in Lemma 1.2. In fact, if G(¢) € L? is real-valued,
satisfies Theorem 2.1 and p—s, v—¢=<0, but p, s, v, <00, then the function
K(¢)=x*xi FF; of (1.6) surely satisfies K(¢) € D(T(G)), K(¢) ¢ Dg, but by Theorem
2.1, T(G) is selfadjoint, so K(¢) € D(T(G)*)— D§.
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